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Abstract
In the paper there are discussed separation axioms for different f -density topologies on the real line. It is proved that f -density
topologies generated by functions f with lim infx→0+ f (x)x > 0 are completely regular but f -density topologies generated by f
such that lim infx→0+ f (x)x = 0 are not regular.
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1. Preliminaries
Through the paper we shall use standard notation: R will be the set of real numbers, L the family of Lebesgue mea-
surable subsets of R and |E| the Lebesgue measure of a measurable set E. We shall also write E ∼ F if |EF | = 0.
A point x ∈ R is a right-hand density point of a measurable set E if limh→0+ |(x;x+h)∩E|h = 1, or equivalently if
limh→0+ |(x;x+h)\E|h = 0. In the same way we define a left-hand density point of E. We say that x is a density point
of E if x is a right-hand density point and a left-hand density point of E. We will denote by Φd(E) the set of all
density points of E.
From Lebesgue Density Theorem it follows that, for any measurable set E, E ∼ Φd(E). It is well known [8, The-
orem 2.2] that a family Td = {E ∈ L: E ⊂ Φd(E)} forms a topology on the real line, called the density topology. It is
also known (compare [8]) that
• the density topology is essentially stronger than the natural topology on R;
• an interior of a set E ⊂ R in the density topology consists of all points from E which are density points of a
measurable kernel of E (so, for measurable E, intTd E = E ∩Φd(E));• a set E ⊂ R is nowhere dense in the density topology if and only if |E| = 0;
• Td is neither first countable, nor Lindelöf, nor separable;
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• Td is completely regular but not normal.
2. f -density topologies
Let A be a family of all functions f : (0;∞) → (0;∞) such that
(A1) limx→0+ f (x) = 0,
(A2) lim infx→0+ f (x)x < ∞,(A3) f is nondecreasing.
Let f ∈ A, E ∈ L and x ∈ R. We say that x is a right-hand f -density point of E if
lim
h→0+
|(x;x + h) \E|
f (h)
= 0.
Observe that condition (A2) is essential. If we take a function f fulfilling (A1) and (A3) and such that
lim infx→0+ f (x)x = ∞, then for every point x and any measurable set E,
lim
h→0+
|(x;x + h) \E|
f (h)
 lim sup
h→0+
|(x;x + h) \E|
h
· lim
h→0+
h
f (h)
= 0.
By Φ+f (E) we denote the set of all right-hand f -density points of E. In the same way one may define a left-hand
f -density point of E and the set Φ−f (E). We say that x is an f -density point of E if x is a right-hand and a left-hand
f -density point of E. By Φf (E) we denote the set of all f -density points of E. It is easily seen that
• Φ+f (E + a) = Φ+f (E)+ a;
• Φ+f (E ∩ F) = Φ+f (E)∩Φ+f (F );
• if E ∼ F then Φ+f (E) = Φ+f (F ),
and analogous properties hold for Φ−f and Φf . It is also clear that
• x is an f -density point of E if and only if
lim
h→0, k→0
h0, k0, h+k>0
|(x − h;x + k) \E|
f (h+ k) = 0.
It is easy to check that if f satisfies (A1)–(A3) and x is an f -density point of E, then x is not a density point of
R \E. From this fact and Lebesgue Density Theorem it follows that (cf. [2, Corollary 1])
• |Φf (E) \E| = 0.
Theorem 1. For each f ∈ A there is a continuous function g ∈ A such that Φ+f = Φ+g (Φ−f = Φ−g , Φf = Φg).
Proof. Put a = f (1). Since f is nondecreasing, the set f−1(( a2n+1 ; a2n ]) is either empty or is an interval (may be
degenerated). Let (kn) be an increasing sequence of all numbers n for which
In = f−1
((
a
2kn+1
; a
2kn
])
is a nondegenerated interval and let xn be the right endpoint of In. Evidently xn+1 is the left endpoint of In. Let us
denote an = a2kn . We thus get
an
< f (x) an for x ∈ (xn+1;xn).2
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g(x) =
{
a1 for x ∈ [x1;∞),
an for x ∈ [xn+1 + δn;xn],
linear on [xn+1;xn+1 + δn].
Obviously, g is continuous. Moreover g ∈ A, because it is nondecreasing,
lim
x→0+
g(x) = lim
n→∞
a
2kn
= 0
and
lim inf
x→0+
g(x)
x
 lim inf
n→∞
g(xn)
xn
= 2 lim inf
n→∞
an/2
xn
 2 lim inf
n→∞
f (xn)
xn
< ∞.
Notice that for x ∈ (xn+1;xn] we have
g(x) an < 2f (x).
Hence Φ+g (E) ⊂ Φ+f (E) for E ∈ L. To prove that Φ+f (E) ⊂ Φ+g (E) it suffices to show that 0 ∈ Φ+f (E) implies
0 ∈ Φ+g (E). Suppose that 0 ∈ Φ+f (E). Thus
lim
x→0+
|(0;x) \E|
f (x)
= 0. (2.1)
For x ∈ [xn+1 + δn;xn) we have
|(0;x) \E|
g(x)
= |(0;x) \E|
an
 |(0;x) \E|
f (x)
. (2.2)
If x ∈ [xn+1;xn+1 + δn) then
|(0;x) \E|
g(x)
 |(0;xn+1 − δn+1) \E| + δn+1 + δn
an+1
<
|(0;xn+1 − δn+1) \E|
f (xn+1 − δn+1) +
2
n
. (2.3)
From (2.1), (2.2) and (2.3) it follows that 0 ∈ Φ+g (E). It ends the proof of condition Φ+f (E) ⊂ Φ+g (E) and of the
whole theorem. 
It is easy to check that for any f ∈ A and any measurable set E,
• the sets Φ+f (E) (Φ−f (E), Φf (E)) are measurable.
Indeed, for any f ∈ A and any measurable set E,
Φ+f (E) =
⋂
n∈N
⋃
δ∈Q+
⋂
h∈(0;δ)
F−1h
([
0; 1
n
])
where
Fh(x) = |[x;x + h] \E|
f (h)
.
Since Fh is continuous for any h > 0, Φ+f (E) is a set of type Fσδ .
In the same manner as in the density case we put
Tf =
{
E ∈ L: E ⊂ Φf (E)
}
and repeating a proof of Theorem 2.2 from [8] we obtain
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The topology Tf we will call f -density topology. In the same way as theorems for the density topology Td , we
may prove that
• an interior of a measurable set E in f -density topology is included in E ∩Φf (E);
• if |E| = 0, then E is closed and nowhere dense in f -density topology;
• Tf is neither first countable, nor Lindelöf, nor separable.
We will prove that f -density topology is not normal. The proof is adapted from Foran’s book (see [5, p. 283]). We
first formulate the condition which is essential in the proof.
Theorem 3. Let f ∈ A . For any Tf -open and dense (in natural topology) sets U and V , the set clTf U ∩ clTf V is
nonempty.
Proof. From (A2) it follows that there is a positive number M and a decreasing sequence (hn) of real numbers such
that hn → 0 and
f (hn)
hn
<M
for every n. Fix x1 ∈ U . Thus x1 is an f -density point of U , and consequently there exists a positive number h such
that any interval I of a length smaller than h containing x1, satisfies |I\U |f (|I |) < 1. Let k1 be a natural number with
hk1 < h and let I1 be a closed subinterval of I such that x1 ∈ I1 and |I1| = hk1 . We have
|I1 \U |
f (|I1|) < 1.
Fix x2 ∈ V ∩ I1. Since x2 is an f -density point of V , in the same manner we can find a natural number k2 > k1 and a
closed interval I2 ⊂ I1 of the length hk2 containing x2 such that
|I2 \ V |
f (|I2|) <
1
2
.
Repeating preceding arguments we define an increasing sequence (kn) of natural numbers and a decreasing sequence
(In) of closed intervals satisfying |In| = hkn and such that
|In \U |
f (|In|) <
1
n
for odd n,
|In \ V |
f (|In|) <
1
n
for even n.
Let x ∈⋂∞n=1 In. For every odd n we have
|In \ (R \U)|
f (|In|) =
|In|
f (|In|) −
|In \U |
f (|In|) >
hkn
f (hkn)
− 1
n
>
1
M
− 1
n
.
Hence x is not an f -density point of R \ U , and so x /∈ intTf (R \ U). Similarly we show that x /∈ intTf (R \ V ), and
finally x ∈ clTf U ∩ clTf V . 
Theorem 4. For any f ∈ A, f -density topology is not normal.
Proof. On the contrary, suppose that topology Tf is normal for some f ∈ A. Let us consider two countable and dense
(in natural topology) sets A, B such that A ∩ B = ∅. Then A, B are Tf -closed and we can find Tf -open sets U , V
with A ⊂ U , B ⊂ V and U ∩ V = ∅. Clearly, A and R \ U are disjoint Tf -closed sets and by assumption there are
Tf -open sets U1, V1 such that A ⊂ U1, R \U ⊂ V1 and U1 ∩ V1 = ∅. Thus
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clTf V ⊂ clTf (R \U) = R \U.
Consequently clTf U1 ∩ clTf V = ∅, which contradicts Theorem 3. 
Other properties of f -density topologies depend on a lower limit of an expression f (x)
x
, when x tends to zero from
the right. Let us divide the family A into two subfamilies
A0 =
{
f ∈ A: lim inf
x→0+
f (x)
x
= 0
}
,
A1 =
{
f ∈ A: lim inf
x→0+
f (x)
x
> 0
}
.
We will observe that f -density topologies generated by functions from A1 have properties similar to properties of the
density topology, whereas f -density topologies for f ∈ A0 are quite different.
3. Properties of f -density topologies for f ∈A1
Set f ∈ A1, E ∈ L. For any x ∈ Φ+d (E) we have limh→0+ |(x;x+h)\E|h = 0 and from inequality lim suph→0+ hf (h) <∞ we obtain
lim
h→0+
|(x;x + h) \E|
f (h)
 lim
h→0+
|(x;x + h) \E|
h
· lim sup
h→0+
h
f (h)
= 0.
Thus Φd(E) ⊂ Φf (E) and
0
∣∣Φf (E)E∣∣= ∣∣Φf (E) \E∣∣+ ∣∣E \Φf (E)∣∣ ∣∣Φf (E) \E∣∣+ ∣∣E \Φd(E)∣∣= 0.
Consequently, for any f ∈ A1 and any measurable set E,
• Φf (E) ∼ E;
• Φf (Φf (E)) = Φf (E);
• an interior of E in f -density topology is equal to E ∩Φf (E);
• a set E is nowhere dense in f -density topology if and only if |E| = 0;
• Tf is a Baire space.
Now, we will show that for f ∈ A1 topology Tf is completely regular. We start from proving Lusin–Menchoff
condition for f -densities. The proof is adapted from [7, Theorem 4].
Theorem 5. Let f ∈ A, E ∈ L and F be a closed set such that F ⊂ E ∩Φf (E). There exists a closed set P ⊂ E such
that F ⊂ P ∩Φf (P ).
Proof. Define
Rn =
{
x ∈ E; 1
n+ 1 < dist(x;F)
1
n
}
and E0 = F ∪
∞⋃
n=1
Rn.
For any n ∈ N there is a closed set Pn ⊂ Rn such that
|Rn \ Pn| < 12n f
(
1
n+ 1
)
.
Put
P = F ∪
∞⋃
Pn.n=1
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analogous). Let x ∈ F . For any n ∈ N[
x;x + 1
n
]
∩
n−1⋃
k=1
Rk = ∅.
Let h ∈ ( 1
n+1 ; 1n ]. We have
∣∣(E0 \ P)∩ [x;x + h]∣∣
∣∣∣∣∣
[
x;x + 1
n
]
∩
∞⋃
k=1
(Rk \ Pk)
∣∣∣∣∣
∣∣∣∣∣
∞⋃
k=n
(Rk \ Pk)
∣∣∣∣∣

∞∑
k=n
1
2k
f
(
1
k + 1
)
 f
(
1
n+ 1
)
1
2n−1
,
and, since x ∈ Φf (E0),
|[x;x + h] \ P |
f (h)
 |[x;x + h] \E0|
f (h)
+ |[x;x + h] ∩ (E0 \ P)|
f (h)
 |[x;x + h] \E0|
f (h)
+ f (
1
n+1 )
1
2n−1
f (h)
 |[x;x + h] \E0|
f (h)
+ 1
2n−1
−→
n→∞ 0.
Consequently, x ∈ Φ+f (P ). 
To simplify the notation we will write A ⊂f B instead of A ⊂ B ∩Φf (B).
Corollary 1. Let f ∈ A1, E ∈ L and F be a closed set such that F ⊂f E. There exists a closed set P such that
F ⊂f P ⊂f E.
Proof. For E0 = E ∩Φf (E) we have
E0 ∩Φf (E0) = E ∩Φf (E)∩Φf (E)∩Φf
(
Φf (E)
)= E ∩Φf (E) ⊃ F,
and so F ⊂f E0. Thus Theorem 5 implies that there exists a closed set P such that
F ⊂f P ⊂ E0 = E ∩Φf (E). 
Notice that Theorem 5 was formulated for any function f ∈ A but Corollary 1 only for f ∈ A1. In the proof of
Corollary 1 we have used the equality Φf (Φf (E)) = Φf (E) which does not hold for f ∈ A0.
The following theorem is a counterpart of Theorem 2.6.5 from [1]. Since its proof is very similar to that from
Bruckner’s book, we omit some details.
Theorem 6. Let f ∈ A1 and E be a Tf -open set of type Fσ . There exists a Tf -continuous and upper semi-continuous
function g such that
0 < g(x) 1 for x ∈ E,
g(x) = 0 for x /∈ E.
Proof. If E = ∅, then we put g ≡ 0. Otherwise there are closed and nonempty sets Fn with
E =
∞⋃
Fn.n=1
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Pλ1 ⊂f Pλ2 for λ2 > λ1  1. (3.1)
Let P1 = F1. Since E is Tf -open, P1 ⊂ E = E ∩ Φf (E), and so P1 ⊂f E. By Theorem 5, there is a closed set K2
such that P1 ⊂f K2 ⊂ E. Let P2 = F2 ∪K2. It is clear that P2 is closed and P1 ⊂f P2 ⊂f E. Proceeding inductively
we define sets Pn such that
Fn ⊂ Pn ⊂f Pn+1 ⊂f E.
Let λ = n+ 12 . By Corollary 1, there exists a closed set Pn+ 12 with
Pn ⊂f Pn+ 12 ⊂f Pn+1.
In the same way, for every λ from the set
Q2 =
{
n
2m
; m = 0,1,2, . . . and n 2m
}
,
we can define Pλ such that
Pλ1 ⊂f Pλ2
for λ1, λ2 ∈ Q2, λ1 < λ2.
Finally, for any λ0  1 we put
Pλ0 =
⋂
λ∈Q2, λλ0
Pλ.
It is easy to check that sets Pλ satisfy condition (3.1).
Let
g(x) =
{ 1
inf{λ; x∈Pλ} for x ∈ E,
0 for x /∈ E.
It is clear that 0 < g(x) 1 for x ∈ E. We show that g is continuous at x0 /∈ E. Take any λ0  1. Clearly, x0 /∈ Pλ0 ,
and so (x0 − δ;x0 + δ)∩ Pλ0 = ∅ for some positive δ. Thus∣∣g(x)− g(x0)∣∣= g(x) 1
λ0
for each x ∈ (x0 − δ;x0 + δ), and consequently g is continuous at x0.
Now we prove that g is upper semi-continuous at x0 ∈ E. Let λ0 = 1g(x0) and λ ∈ [1;λ0). Since x0 /∈ Pλ, (x0 − δ;
x0 + δ)∩ Pλ = ∅ for some positive δ. Thus
g(x)− g(x0) < 1
λ
− 1
λ0
for each x ∈ (x0 − δ;x0 + δ), and so g is upper semi-continuous at x0.
It remains to prove that g is Tf -continuous on E. Let x0 ∈ E, λ0 = 1g(x0) and ε > 0. Since g is upper semi-
continuous at x0, it is sufficient to show that the set
A =
{
x; g(x) > 1
λ0 + ε
}
is a Tf -neighbourhood of x0. Because g is upper semi-continuous at every x, A is measurable. Moreover, from
x0 ∈ Pλ0+ ε3 ⊂f Pλ0+ ε2 ⊂ A
we conclude that x0 ∈ Φf (A), and consequently
x0 ∈ A∩Φf (A) = intTf (A). 
Theorem 7. If f ∈ A1, then Tf is completely regular.
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set P such that F ⊂ P , |P \ F | = 0 and x0 /∈ P . Obviously, the complements of P and {x0} are both Tf -open and of
type Fσ . From the preceding theorem it follows that there are Tf -continuous functions g1 and g2 with
0 < g1(x) 1 for x /∈ P,
g1(x) = 0 for x ∈ P,
0 < g2(x) 1 for x = x0,
g2(x) = 0 for x = x0.
Put
g(x) = g1(x)
g1(x)+ g2(x) .
It is easy to see that g is Tf -continuous, g(x0) = 1 and g(x) = 0 for x ∈ F . Thus Tf is completely regular. 
4. Properties of f -density topologies for f ∈A0
The principle fact we use studying f -density topologies for f ∈ A0 is
Theorem 8. (See [3, Theorem 2].) For any function f ∈ A0 there exists a nowhere dense closed set F ⊂ [0;1] of
positive measure which has no f -density point.
It is clear that the set F from this theorem satisfies
• |F \Φf (F )| > 0 (Lebesgue Density Theorem does not hold for f -density);
• F is a set of positive measure nowhere dense in f -density topology.
Using the set F one can construct (compare [4, Theorem 6 and Lemma 7]) a closed H which has only one f -density
point. Consequently,
• Φf (Φf (H)) = Φf (H);
• intTf H = H ∩Φf (H).
Now we prove the main result about f -density topologies for f ∈ A0.
Theorem 9. If f ∈ A0, then Tf is not regular.
Proof. Let F ⊂ [0;1] be a nowhere dense closed set of a positive measure such that Φf (F ) = ∅ and let (qi)i∈N be a
sequence of all rational numbers. For any natural i, the set F + qj is Tf -closed andTf -nowhere dense but the set
E =
∞⋃
j=1
(F + qj )
is Tf -open because it is a set of a full measure (compare Smital’s Lemma [6, p. 65]).
Let A be a nonempty Tf -open subset of E. The proof will be completed by showing that
clTf A \E = ∅. (4.1)
Since f ∈ A0, there exists a decreasing sequence (tn) of positive numbers such that
f (2tn) < 2tn
for every n. As A \ (F + q1) is Tf -open we have |A \ (F + q1)| > 0 and the set
A1 =
(
A \ (F + q1)
)∩ (F + qi1)
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[a1 − tn1;a1 + tn1] ∩ (F + q1) = ∅
and
|A1 ∩ [a1 − tn1;a1 + tn1 ]|
2tn1
>
1
2
.
Let us denote x1 = a1 − tn1 and y1 = a1 + tn1 .
Next we observe that |A∩ (x1;y1) \⋃i1j=1(F + qj )| > 0 and the set
A2 =
(
A∩ (x1;y1)
∖ i1⋃
j=1
(F + qj )
)
∩ (F + qi2)
is of a positive measure for some i2 > i1. Hence for any density point a2 of A2 there is a natural number n2 > n1 with
[a2 − tn2;a2 + tn2] ⊂ (x1;y1),
[a2 − tn2;a2 + tn2] ∩
i1⋃
j=1
(F + qj ) = ∅,
|A2 ∩ [a2 − tn2;a2 + tn2 ]|
2tn2
>
1
2
.
We denote x2 = a2 − tn2 and y2 = a2 + tn2 .
Proceeding by induction we define increasing sequences (ik), (nk) of natural numbers and a decreasing sequence
of closed intervals ([xk;yk]) such that
yk − xk = 2tnk ,
[xk;yk] ∩
ik−1⋃
j=1
(F + qj ) = ∅,
|A∩ [xk;yk]|
yk − xk >
1
2
.
Putting
{x} =
∞⋂
k=1
[xk;yk]
we obtain that
x /∈
∞⋃
j=1
(F + qj ) = E.
But for every k we have
|A∩ [xk;yk]|
f (|[xk;yk]|) =
|A∩ [xk;yk]|
2tnk
· 2tnk
f (2tnk )
>
1
2
,
which implies that x is not a Tf -interior point of R \ A, and consequently x ∈ clTf A. This establishes (4.1) and
completes the proof. 
Observe that the set E defining in the proof is a nonempty open meager set in f -density topology. Thus
• Tf is not a Baire space for f ∈ A0.
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